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In [2] we investigated the concept of metabolic involutions, and its connection to the concept of
metabolic hermitian forms. The presentation there was limited to algebras with involutions of the
ﬁrst kind, that is, involutions which leave the centre element-wise invariant. This was unnecessarily
restrictive, and in this addendum we explain how to extend the results of [2] to cover the case of
involutions of the second kind.1
To this end, we modify the terminology in [2] as follows, in accordance with [4]. Throughout, let
F be a ﬁeld and let A be a ﬁnite-dimensional F -algebra. If A is simple and E is the centre of A, we
can view A as an E-algebra and by Wedderburn’s theorem, A  EndD(V ) for an F -division algebra D
with centre E and a right D-vector space V . If E = F , then we call the F -algebra A central simple.
An F -involution on A is an F -linear map σ : A → A such that σ(xy) = σ(y)σ (x) for all x, y ∈ A
and σ 2 = idA . An F -algebra with involution is a pair (A, σ ) of a ﬁnite-dimensional F -algebra A and
DOI of original article: 10.1016/j.jalgebra.2011.02.024.
E-mail address: andrew.dolphin@uni-konstanz.de.
1 A version of [2] with these alterations will be made available through the author’s website.0021-8693/$ – see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2011.05.012
A. Dolphin / Journal of Algebra 339 (2011) 336–338 337an F -involution σ of A such that, with E being the centre of A, one has F = {x ∈ E | σ(x) = x}, and
such that either A is simple or a product of two simple F -algebras that are mapped to each other
by σ . In this situation, there are two possibilities: either E = F , so that A a central simple F -algebra
or E/F is a quadratic étale extension with σ restricting to the nontrivial F -automorphism of E . We
say that the F -algebra with involution (A, σ ) is of the ﬁrst kind if E = F , which was the only the case
covered in [2], and of the second kind otherwise. Involutions of the second kind are also known as
unitary involutions, and we refer to [4, Section 2.B] for more details on unitary involutions.
We must also adapt the deﬁnition of hermitian forms from [2] to cover the wider case of her-
mitian forms over division algebras with unitary involution. Let (D, θ) be an F -division algebra with
involution and let E be the centre of D . Further, ﬁx λ ∈ E such that λθ(λ) = 1. A λ-hermitian form over
(D, θ) is a pair (V ,h) where V is a ﬁnite-dimensional right D-vector space and h is a non-degenerate
bi-additive map h : V × V → D such that h(x, yd) = h(x, y)d and h(y, x) = λθ(h(x, y)) holds for all
x, y ∈ V and d ∈ D. Note that if (D, θ) is of the ﬁrst kind, as in [2], one must have that λ = ±1.
Almost all results and proofs of [2] (we note the exceptions and minor modiﬁcations necessary
below) which are not explicitly restricted to either orthogonal or symplectic involutions remain valid
with this extended terminology for F -algebras with involution and λ-hermitian forms. This concerns
in particular the results [2, Proposition 3.6] and [2, Theorem 4.8], which say that the anisotropic
part of an F -algebra with involution is uniquely deﬁned and that a λ-hermitian form is metabolic if
and only if its adjoint involution is metabolic; these results remain valid with no alterations in the
statements or proofs.
The following results need minor adjustments. The statements of [2, Corollary 4.7] and [2, Corol-
lary 5.9] should be restricted to the case of (A, σ ) an F -algebra with involution of the ﬁrst kind.
A unitary F -algebra with involution (A, σ ) need not be hyperbolic over a splitting ﬁeld of A. For ex-
ample, let K/F be a separable quadratic ﬁeld extension with nontrivial F -automorphism ι. Then (K , ι)
is a split F -algebra with involution of the second kind. Since K is a ﬁeld, (K , ι) cannot be isotropic,
and in particular cannot be hyperbolic.
The statements of [2, Proposition 3.1], [2, Proposition 3.2], [2, Proposition 3.3], [2, Proposition 3.5],
[2, Proposition 4.6] and [2, Proposition 4.11] should be modiﬁed as follows.
Proposition 3.1*. Assume char(F ) = 2. Then an F -algebra with involution (A, σ ) is symplectic or unitary if
and only if 1 ∈ Alt(A, σ ).
Proof. See [4, Proposition 2.6] for the case of involutions of the ﬁrst kind. It only remains to show
that 1 ∈ Alt(A, σ ) if (A, σ ) is unitary. Assume we are in this case, and let E be the centre of A. Then
E is a quadratic étale extension of F and σ restricted to E is the nontrivial F -automorphism of E/F ,
which we denote ι.
If E is a quadratic separable extension of F then E = F (α) for some α ∈ E such that α2 + α ∈ F ,
and ι(α) = α + 1. Hence ι(α) + α = 1 ∈ Alt(A, σ ). Otherwise, E  F × F and ι(1,0) + (1,0) = (0,1) +
(1,0) = (1,1) ∈ Alt(A, σ ). 
Proposition 3.2*. Let (V ,h) be a λ-hermitian space over (D, θ). Then (V ,h) is diagonalisable, except when
(D, θ) = (F , idF ) and either char(F ) = 2 and (V ,h) is a skew-symmetric bilinear space, or char(F ) = 2 and
(V ,h) is a hyperbolic symmetric bilinear space.
Proof. See [3, Proposition 6.2.4]. 
Proposition 3.3*. Let (V ,h) be an alternating λ-hermitian form over (D, θ). If (D, θ) = (F , idF ) then (V ,h)
is a hyperbolic form. Otherwise we have (V ,h)  〈a1, . . . ,an〉(D,θ,λ) for some a1, . . . ,an ∈ Alt(D, θ).
Proof. The proof follows as in [2, Proposition 3.3], except in the case where D is split and θ is not the
identity. Then (V ,h) is diagonalisable by Proposition 3.3*. The rest of the proof now remains valid. 
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involution of the ﬁrst kind. Then (V ,h) is alternating if and only if λ = 1 and Ad(V ,h) is symplectic if (D, θ)
is of the ﬁrst kind.
Proof. See [4, Theorem 4.2] if (D, θ) is of the ﬁrst kind. For unitary involutions, the result follows
from [4, Proposition 2.17]. 
Proposition 4.6*. Let char(F ) = 2 and let (A, σ ) be an F -algebra with involution. Then (A, σ ) becomes
hyperbolic over some ﬁeld extension if and only if (A, σ ) is symplectic or unitary.
Proof. For involutions of the ﬁrst kind, the argument follows as in [2, Proposition 4.6]. Therefore, it
only remains to show that (A, σ ) becomes hyperbolic over some ﬁeld extension if (A, σ ) is unitary.
If the centre of A is E  F × F , then for the idempotent (1,0) ∈ E we have σ(1,0) = (0,1) = (1,1) +
(1,0), and hence (A, σ ) is hyperbolic. Otherwise, the centre of E is a ﬁeld, and by [4, Section 2.B],
the centre of AE is isomorphic to E × E , and hence (A, σ )E is hyperbolic. 
Proposition 4.11*. Let (A, σ ) be an F -algebra with symplectic or unitary involution. Then (A, σ ) is metabolic
if and only if it is hyperbolic.
Proof. See [1, Lemma A.3]. 
In [2, Theorem 5.5], the statement that the equivalent conditions hold in the case of char(F ) = 2
if (A, σ ) is symplectic should be modiﬁed to say that the equivalent conditions hold in the case
of char(F ) = 2 and (A, σ ) of the ﬁrst kind only if (A, σ ) is symplectic. Similarly, the ﬁnal line in
the statement of [2, Theorem 5.7] should be understood in the following manner: The existence of
embedding (K , ι) ↪→ (A, σ )an implies that (A, σ )an is symplectic if (A, σ ) is of the ﬁrst kind.
Finally, all involutions in [2, Section 6] are assumed to be of the ﬁrst kind.
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